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COMMUTATIVITY OF CONTACT TRANSFORMATIONS 
OF MECHANICS 
By S. D. ZELDI~ 
1. In this note we consider two conservative dynamical sys-
tems defined by their potential energies U I and U 2 (functions of 
the generalized coordinates) and their kinetic energies TI and 
T2 (quadratic functions of the generalized velocity components). 
:\1oreover, we shall assume that TI and T2 differ only by a factor, 
and that the systems are each of two degrees of freedom. 
It is well known that with each of those systems there is asso-
ciated an infinitesimal contact transformation whose characteristic 
function is of special type. In this note we shall prove that: 
If two contact trails formations associated with the dynamical 
systems described abm'e are independellt they cannot be commuta-
ti'ix. 
2. Let Ed and Ed, where 
represent the symbols of two independent infinitesimal contact 
transformations, i.e., Edi=cBd (c is a constant), and let their 
corresponding characteristic functions be vV1(x,y,p) and 
11'2 (x,y,p). Then, as is known, a lineal element (x,y,p) is 
transformed into a neighboring element (x+8x, y+oy, p+op) by 
the transformation Ed according to the formulas 
and by Ed according to the formulas 
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In order that Bd and Bd should be commutative (i.e. in order 
that BIBd=B2Bdfwe must have, as has been shown!,) 
[ 1 aW2 aWl (a) W IW 2 -WI ay +W2Ty -0, 
3. Consider now the case of a particle moving in a plane. 
The kinetic energy is then of the form T = 4 (x 2 + y 2), and the 
associated characteristic functions of our two dynamical systems 
will be of the form 
W I= QI(x,y)Vl+p2 , W 2= Q2(x,y)Vl+p 2. 
(It should be remarked here that Kasner has shown2 that the 
alternant of two contact transformations of the type considered 
here is in general a point transformation.) 
Substituting the values of WI and W 2 in (a) and replacing the 
. WI QI (,\ 
ratlOs W = - by n X,Y) we get 
2 Q2 
an an 
Pax - ay - 0. 
But this equation is only satisfied when n is a constant, which 
means that WI = constant X W2, or, what is the same thing, 
Bd and Bd are not independent. But since that is contrary to 
our assumption Bd and Bd cannot be commutative. 
4. Consider now the general case of two degrees of freedom, 
which is equivalent to the motion of a particle constrained to 
remain on an arbitrary surface. The characteristic functions can 
then be written3 
W I= QI(x,y)VE+2Fp+Gp2, 
W 2 = Q2(x,y)VE+2Fp+Gp2. 
1 Lie-Scheffers, Beruhrungs-Transformationen, p. 125. 
2 Bull. Amer. Math. Soc., Vol. 16, 1910, pp. 408-412. 
3 Kasner, loco cit., p. 410. 
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I) . h . WI QI b ( ) db' . . () enotmg t e ratIO - = - y v X,y an su stltutmg In a, we W 2 Q2 
get 
where 
But that equation is only satisfied when v is a constant, which 
again is contrary to our assumption, since, when v is a constant, 
Bd and B2! are not independent. Therefore here again Bd and 
Ed are not commutative. 
